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Abstract
The first aim of this paper is to introduce and study symmetric
(Bi)Hom-Leibniz algebras, which are left and right Leibniz algebras.
We discuss αkβl-generalized derivations, αkβl -quasi-derivations and
αkβl-quasi-centroid of (Bi)Hom-Leibniz algebras and colour BiHom-
Leibniz algebras. The second aim is to define a new type of BiHom-Lie
algebras satisfies the following hierarchy
{ BiHom-Lie type B1} ⊇β=id { Hom-Lie} ⊇α=id { Lie}.
Moreover, define representations and a cohomology of symmetric BiHom-
Leibniz algebras of type B1.
Introduction
In 1993, J.L. Loday introduced Leibniz algebras which are a generalization
of Lie algebras [28, 29]. They are defined by a bilinear bracket which is no
longer skew-symmetric. More precisely, A left Leibniz algebra over a a field
K is a K-vector space A with a K-bilinear map [·, ·] : A× A→ A satisfying[
a, [b, c]
]
=
[
[a, b], c
]
+
[
b, [a, c]
]
, (0.1)
for all a, b, c ∈ A.
This property means that, for each a in A, the adjoint endomorphism of A,
ada = [a, ·] is a derivation of (A, [·, ·]).
Similarly, a right Leibniz algebra is defined by the identity :[
[a, b], c
]
=
[
[a, c], b
]
+
[
a, [b, c]
]
, (0.2)
∗Universite´ de Gabe`s, Laboratoire Mathe´matiques et Applications. Faculte´ des Sciences
de Gabe`s Cite´ Erriadh 6072 Zrig Gabe`s Tunisie. , nejib.saadaoui@fsg.rnu.tn
1
which means for each a ∈ A, the map x 7→ [x, a] is a derivation of A. A left
or right Leibniz algebra in which bracket [·, ·] is skew-symmetric (alternating,
if K is of characteristic 2) is a Lie algebra. Notice from (1) that a left Leibniz
algebra A satisfies, for all a, x, y ∈ A [a, [x, y]] = −[a, [y, x]], and dually,
a right Leibniz algebra satisfies [[x, y], a] = −[[y, x], a]. Symmetric Leibniz
algebras satisfy
[a, [x, y]] = −[[x, y], a]. (0.3)
In the last years, the theory of Leibniz algebras has been extensively
studied. Many results on Lie algebras have been generalized to the case of
Leibniz algebras ([5, 9, 10, 14, 16, 17, 19, 20, 35]). More recently, several
papers deal with a so-called symmetric Leibniz algebras, which are left and
et right Leibniz algebras.
A superalgebra is a Z2-graded algebra A = A0⊕A1 (that is, if a ∈ Aα, b ∈
Aβ , α, β ∈ Z2 = {0, 1}, then, ab ∈ Aα+β). The elements of Aα are said to be
homogeneous and of parity α. A Lie superalgebra is a superalgebra A with
an operation [·, ·] satisfying the following identities:
[a, b] = (−1)|a||b|[b, a] (Skew-supersymmetry)
[a, [b, c]] = [[a, b], c] + (−1)|a||b|
[
b, [a, c]
]
(Super Jacobi identity)
for all homogeneous elements a, b, c ∈ A0 ∪ A1.
Leibniz superalgebras appeared as an extension of Leibniz algebras (see
[11, 23]), in a similar way than Lie superalgebras generalize Lie algebras,
motivated in part for its applications in Physics. Color Lie (super)algebras,
originally introduced in [36, 37], can be seen as a direct generalization of Lie
(super)algebras. Indeed, the latter are defined through antisymmetric (com-
mutator) or symmetric (anticommutator) products, although for the former
product is neither symmetric nor antisymmetric and is defined by means of a
commutation factor. This commutation factor is equal to ∓1 for (super)Lie
algebras and more general for arbitrary color Lie (super)algebras. As hap-
pened for Lie superalgebras, the basic tool to define color Lie (super)algebras
is a grading determined by an abelian group. The latter, besides defining the
underlying grading in the structure, moreover, provides a new object known
as commutation factor.
Hom-algebra structures are given on linear spaces by products twisted
by linear maps. Hom-Lie algebras and general quasi-Hom-Lie and quasi-
Lie algebras were introduced by Hartwig, Larsson and Silvestrov as alge-
bras embracing Lie algebras, super and color Lie algebras and their quasi-
deformations by twisted derivations. In [40], the authors gives a system-
atic exploration of other possibilities to define Hom-type algebras. In [21],
the authors introduced a generalized algebraic structure endowed with two
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commuting multiplicative linear maps, called BiHom-algebras.These alge-
braic structures include BiHom-associative algebras, BiHom-Lie algebras and
BiHom-Leibniz algebras. In some particular cases, when the two linear maps
are the same, BiHom-algebras led to Hom-algebras.
In this paper, we study symmetric (super)Hom-Leibniz, (colour)BiHom-Leibniz,
BiHom-Leibniz algebras of type B1 and B2. Recall from [21], that a BiHom-
Lie algebra is a 4-tuple (L, [·, ·], α, β) where L is a K-linear space, α, β : L→
L are linear maps and [·, ·] : L × L → L is a bilinear map, satisfying the
following conditions, for all x, y, z ∈ L :
α ◦ β = β ◦ α (0.4)
α ([x, y]) = [α(x), α(y)] and β ([x, y]) = [β(x), β(y)] (0.5)
[β(x), α(y)] = − [β(y), α(x)] , (BiHom-skew-symmetry) (0.6)
	x,y,z
[
β2(x), [β(y), α(z)]
]
= 0. (BiHom-Jacobi condition) (0.7)
Obviously, there is a hierarchy of algebras.
{ left Leibniz} ∪ { right Leibniz} ⊇ { symmetric Leibniz} ⊇ { Lie} (0.8)
and
{ Hom-Lie} ⊇α=idL { Lie}. (0.9)
Hence, one recovers Lie algebras properties from Hom-Lie algebras when
stating α = idL. It turns out that the hierarchy (0.9) doesn’t hold for
BiHom-Lie algebras. This led us to construct special types of BiHom-algebras
that retains this property. We introduce Bihom-Lie algebras of type B1,
where (0.6) and (0.7) are replaced by [β(x), β2(y)] = − [β(y), β2(x)] and
	x,y,z
[
α(x),
[
β(y), β2(z)
] ]
= 0. Then
{ BiHom-Lie type B1} ⊇β=id { Hom-Lie} ⊇α=id { Lie}.
A BiHom-Lie algebra in the usual sense should be referred to be ”BiHom-Lie
algebra of type B2”. With BiHom-Lie algebras of type B2, we have
{ Hom-Lie type I2} ⊇α=id { Lie} and { BiHom-Lie type B2} ⊇ α=id
β=idL
{ Lie},
where, the Hom-Lie algebra of type I2 is given by the skew-symmetric bilin-
ear bracket satisfying 	x,y,z [x, [y, α(z)] = 0.
Throughout the article, we mean by a (Bi)Hom-Leibniz algebra a left or
right or symmetric (Bi)Hom-Leibniz algebra.
The paper is organized as follows. In Section 1, we recall definitions
and some key constructions of Hom-Leibniz (super)algebras and give some
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example of symmetric Hom-Leibniz (super)algebras. Moreover we intro-
duce the concept of centroid and quasicentroid for Hom-Leibniz superalgebra
(left or right or symmetric) and study some of their properties. In Section
2, we give some constructions of Hom-Lie algebras by BiHom-Lie algebras
and conversely. Also, we provide a construction of BiHom-Leibniz algebras
L(α,β) = (L, {·, ·}, α, β) from a Leibniz algebras (L, [·, ·]). We also give some
basic definitions, properties of Ideals of BiHom-Leibniz algebras. This section
also includes the concept of generalized derivations of a BiHom-Leibniz al-
gebras and some properties. Section 3 is dedicated to BiHom-Leibniz colour
algebras, we give a BiHom-Lie colour algebra (A, [·, ·], α, β, ε) from an asso-
ciative colour algebra (A, µ, ε). We construct color BiHom-Leibniz algebras
starting from two even centroids of Leibniz or BiHom-Leibniz colour alge-
bras. In Section 4, we define BiHom-Lie and BiHom-Leibniz algebras of type
B1, we study representations of symmetric BiHom-Leibniz algebras of type
B1, and give their cohomology. We show that any extension of a symmetric
BiHom-Leibniz algebras of type B1, are controlled by the second cohomology
with respect its corresponding representation.
1 Symmetric Hom-Leibniz (super)algebras
In this section, we define the symmetric Hom-Leibniz (super)algebras gen-
eralizing the well known Leibniz algebras given in [4, 17] and we gives a
few examples of the symmetric Hom-Leibniz (super)algebras. We also study
some properties of centroids of Hom-Leibniz superalgebras.
1.1 Symmetric Hom-Leibniz algebras
Definition 1.1. [22, 3, 31] A Hom-Lie algebra is a triple (G, [·, ·], α) con-
sisting of a K vector space G, a bilinear map [·, ·] : G × G → G and a
K-linear map α : G → G satisfying
[x, y] = −[y, x], (skew-symmetry) (1.1)
	x,y,z
[
α(x), [y, z]
]
= 0, (Hom–Jacobi identity) (1.2)
for all x, y, z ∈ G. The two condition lead to the following identities.
[α(x), [y, z]] = [[x, y], α(z)] + [α(y), [x, z]] , (1.3)
[α(x), [y, z]] = [[x, y], α(z)]− [[x, z], α(y)] (1.4)
for all x, y, z ∈ G.
Now, we define left and right Hom-Leibniz algebras.
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Definition 1.2. A left (resp. right) Hom-Leibniz algebra is a K-vector space
L equipped with a bracket operation [·, ·] and a linear map α that satisfy the
equation (1.3) (resp. (1.4)).
Obviously, a Hom-Lie algebra is a left and right Hom-Leibniz algebra. If
α = idL, then a left (resp. right) Hom-Leibniz algebra becomes a left (resp.
right) Leibniz algebra. A left (resp. right) Hom-Leibniz algebra is a Hom-Lie
algebra if and only if [x, x] = 0, ∀x ∈ L.
Definition 1.3. A triple (L, [·, ·], α) is called a symmetric Hom-Leibniz al-
gebra if it is a left and a right Hom-Leibniz algebra.
Example 1.1. Let (e1, e2) be a basis of vector space L and
(
−1 0
0 1
)
a ma-
trix of linear map α with respect to this basis. In the following table we give
all possible cases for [·, ·] to be a left Hom-Leibniz algebra
Left Hom-Leibniz bracket Remark
[e1, e1] = xe2, [e1, e2] = ye2, [e2, e1] = [e2, e2] = 0 L is multiplicative ⇐⇒ y = 0
L is symmetric ⇐⇒ xy = 0
[e1, e1] = [e1, e2] = 0, [e2, e1] = ce1, [e2, e2] = de1 L is multiplicative ⇐⇒ c = 0
L is symmetric ⇐⇒ c = 0
[e1, e1] = ae1 + xe2, [e1, e2] = [e2, e1] = −
a
x
[e1, e1] , L is multiplicative ⇐⇒ a = 0
[e2, e2] =
(
a
x
)2
[e1, e1] L is symmetric
[e1, e1] = [e2, e2] = 0, [e1, e2] = −[e2, e1] = be1 + ye2 L is multiplicative ⇐⇒ y = 0
L is a Hom-Lie algebra
Example 1.2. Let (x1, x2, x3) be a basis of 3-dimensional space G over K.
Define a bilinear bracket operation on G ⊗ G by
[x1 ⊗ x3, x1 ⊗ x3] = x1 ⊗ x1
[x2 ⊗ x3, x1 ⊗ x3] = x2 ⊗ x1
[x2 ⊗ x3, x2 ⊗ x3] = x2 ⊗ x2.
The others brackets are equal to 0. For any linear map α on G, the triple
(G ⊗ G, [·, ·], α⊗ α) is not a Hom-Lie algebra but it is a symmetric Hom-
Leibniz algebra.
In the following examples, we construct Hom-Leibniz algebras on a vector
space L⊗ L starting from a Lie or a Hom-Lie algebra L.
Proposition 1.4. [26] For any Lie algebra (G, [·, ·]), the bracket
[x⊗ y, a⊗ b] = [x, [a, b]]⊗ y + x⊗ [y, [a, b]]
defines a Leibniz algebra structure on the vector space G ⊗ G.
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Proposition 1.5. [41] Let (L, [·, ·]) be a Leibniz algebra and α : L → L be a
Leibniz algebra endomorphism. Then (L, [·, ·]α, α) is a Hom-Leibniz algebra,
where [x, y]α = [α(x), α(y)].
Using Proposition 1.5 and Proposition 1.4, we obtain the following
result.
Proposition 1.6. Let (G, [·, ·]′) be a Lie algebra and α : G → G be a Lie
algebra endomorphism. We define on G ⊗ G the following bracket
[x⊗ y, a⊗ b] = [α(x), [α(a), α(b)]′]′ ⊗ α(y) + α(x)⊗ [α(y), [α(a), α(b)]′]
′
on G ⊗ G. Then (G ⊗ G, [·, ·], α) is a right Hom-Leibniz algebra.
1.2 Centroids and derivations of Hom-Leibniz super-
algebra
The concept of centroids and derivation of Leibniz algebras is introduced
in [24]. Left Leibniz superalgebras, originally were introduced by Dzhu-
madil’daev in [15], can be seen as a direct generalization of Leibniz algebras.
The left Hom-Leibniz superalgebras is introduced in [8]. In this section,
we introduce the notion of right and symmetric Hom-Leibniz superalgebras.
Moreover, we introduce the concept of centroids and derivation of Hom-
Leibniz superalgebras .
Let V be a vector superspace over a field K that is a Z2-graded vector
space with a direct sum V = V0 ⊕ V1. The elements of Vj, j ∈ Z2, are said
to be homogenous of parity j. The parity of a homogeneous element x is
denoted by |x|. The space End(V ) is Z2-graded with a direct sum End(V ) =
(End(V ))0 ⊕ (End(V ))1 where (End(V ))j = {f ∈ End(V ) | f(Vi) ⊂ Vi+j}.
The elements of (End(V ))j are said to be homogenous of parity j.
Definition 1.7. (see[1, 2] ) A Hom-Lie superalgebra is a triple (G, [·, ·], α)
consisting of a superspace G, an even bilinear map [·, ·] : G × G → G and
an even superspace homomorphism α : G → G satisfying
[x, y] = −(−1)|x||y|[y, x],
	x,y,z (−1)
|x||z|
[
α(x), [y, z]
]
= 0
for all homogeneous element x, y, z in G.
Proposition 1.8. Let L be a superspace and define the following vector sub-
space Ω of End(L) consisting of linear maps u on L as follows:
Ω = {u ∈ End(L) | u ◦ α = α ◦ u}.
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and the map
α˜ : Ω→ Ω; α˜(u) = α ◦ u.
Then (Ω, [·, ·]′) (resp. (Ω, [·, ·]′, α˜) ) is a Lie (resp. Hom-Lie) superalgebra
with the bracket [u, v]′ = uv − (−1)|u||v|vu for all u, v ∈ Ω.
Remark 1.9. The Hom-Lie algebras (Ω, [·, ·]′, α˜) is not necessarily multi-
plicative.
Definition 1.10. (see[2] ) Let (G, [·, ·], α) be a Hom-Lie superalgebra and
V = V0⊕V1 be an arbitrary vector superspace. Let β ∈ Gl(V ) be an arbitrary
even linear self-map on V and [·, ·]V : G ×V → V an even bilinear map. The
triple (V, [·, ·]V , β) is called a module on the Hom-Lie superalgebra G = G0⊕G1
if the even bilinear map [·, ·]V satisfies
[[x, y], β(v)]V = [α(x), [y, v]V ]V − (−1)
|x||y| [α(y), [x, v]V ]V (1.5)
for all homogeneous elements x, y ∈ G and v ∈ V.
Definition 1.11. Let (L, [·, ·], α) be a triple consisting of a superspace L, an
even bilinear map [·, ·] : L × L → L and an even superspace homomorphism
α : L → L. Then, (L, [·, ·], α) is called :
(i) a left Hom-Leibniz superalgebra if it satisfies
[α(x), [y, z]] = [[x, y], α(z)] + (−1)|x||y| [α(y), [x, z]] .
(ii) a right Hom-Leibniz superalgebra if it satisfies
[α(x), [y, z]] = [[x, y], α(z)]−(−1)|y||z| [[x, z], α(y)] ∀ x, y, z ∈ L0∪L1.
The following proposition provides a method to construct a left Hom-
Leibniz superalgebra by a module of Hom-Lie superalgebra.
Proposition 1.12. Let (L, [·, ·], α) be a Hom-Lie superalgebra and (V, [·, ·]V , β)
a L-module. Let ϕ : V → L be an even linear map satisfying ϕ([x, v]V ) =
[x, ϕ(v)] and ϕ ◦ β = α ◦ϕ. Then one can define a left Hom-Leibniz superal-
gebra (V, [·, ·]′, β) as follows: [u, v]′ = [ϕ(u), v]V .
Now, we define the symmetric Hom-Leibniz superalgebra.
Definition 1.13. If (L, [·, ·], α) is a left and a right Leibniz algebra, then L
is called a symmetric Leibniz algebra.
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Proposition 1.14. A triple (L, [·, ·], α) is a symmetric Hom-Leibniz super-
algebra if and only if
[α(x), [y, z]] = [[x, y], α(z)] + (−1)|x||y| [α(y), [x, z]] ;
[α(y), [x, z]] = −(−1)(|x|+|z|)|y| [[x, z], α(y)]
for all x, y, z ∈ L0 ∪ L1.
Example 1.3. Let L = L0 ⊕L1 be a 3-dimensional superspace, where L0 is
generated by e1, e2 and L1 is generated by e3. The product is given by
[e1, e1] = ae1 + xe2; [e1, e2] = [e2, e1] = −
a
x
[e1, e1]; [e2, e2] =
(a
x
)2
[e1, e1];
[e3, e3] =
d
x
[e1, e1]; [e1, e3] = [e3, e1] = [e3, e2] = [e2, e3] = 0.
We consider the homomorphism α : L → L defined by the matrix

−1 0 00 1 0
0 0 µ

,with
respect to basis (e1, e2, e3). Then (L, [·, ·], α) is a symmetric Hom-Leibniz su-
peralgebra.
Definition 1.15. A αk-derivation of a Hom-Leibniz superalgebra (L, [·, ·], α)
is a homogeneous linear map D ∈ Ω satisfying
D([x, y]) = [D(x), αk(y)] + (−1)|D||x|[αk(x), D(y)]
for all x, y, z ∈ L0 ∪ L1. The set of all derivation of a Hom-Leibniz super-
algebra L is denoted by Der(L) =
⊕
k≥0
Derαk(L).
Proposition 1.16. Let (L, [·, ·], α) be a left (resp. right) Hom-Leibniz super-
algebra. For any a ∈ L satisfying α(a) = a, define adk(a) ∈ End(L) (resp.
Adk(a) ∈ End(L))
adk(a)(x) = [a, α
k(x)]
respectively
Adk(a)(x) = (−1)
|a||x|[αk(x), a], ∀x ∈ L.
Then adk(a) (resp. Adk(a)) is an α
k+1-derivation of the left (resp. right)
Hom-Leibniz algebra L.
Definition 1.17. Let (L, [·, ·], α) be a Hom-Leibniz superalgebra. Then the
αk-centroid of L denoted as Cαk(L) is defined by
Cαk(L) =
{
d ∈ Ω | d([x, y]) = [d(x), αk(y)] = (−1)|d||x|[αk(x), d(y)], ∀ x, y ∈ L0 ∪ L1
}
.
Denote by C(L) =
⊕
k≥0
Cαk(L) the centroid of L.
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Definition 1.18. Let (L, [·, ·], α) be a Hom-Leibniz superalgebra and d ∈
End(L). Then d is called a αk-central derivation, if d ∈ Ω and
d([x, y]) = [d(x), αk(y)] = (−1)|d||x|[αk(x), d(y)] = 0.
The set of all central derivation of L is denoted by ZDer(L) =
⊕
k≥0
ZDerαk(L).
In the following of this section we study the structure of the centroids
and derivations of Hom-Leibniz superalgebras.
Lemma 1.19. Let L be a Hom-Leibniz superalgebra. Let d ∈ Derαk(L) and
Φ ∈ Cαl(L) then
(i) Φ ◦ d is an αk+l-derivation of L.
(ii) [Φ, d] is αk+l-centroid of L.
(iii) d◦Φ is an αk+l-centroid if and only if Φ◦d is a αk+l-central derivation.
(iv) d◦Φ is an αk+l-derivation only if only [d,Φ] is a αk+l-central derivation.
Theorem 1.20. Let L be a Hom-Leibniz superalgebra. Then
ZDerαk(L) = Derαk(L) ∩ Cαk(L).
Proof. The proof of previous theorem is similar to the case Leibniz algebra
given in [24]. 
Proposition 1.21. Let (L, [·, ·], α) be a Hom-Leibniz superalgebra. Then the
following statements hold:
(i) ad(L) ⊆ Der(L) ⊆ Ω, where ad(L) denotes the superalgebra of inner
derivations of L.
(ii) ad(L), Der(L) and C(L) are Lie ( Resp. Hom-Lie ) subsuperalgebras
of (Ω, [·, ·]′) (resp. (Ω, [·, ·]′, α˜) ))
2 BiHom-Leibniz algebras
In this section, we recall the notion of BiHom-Lie algebras and then give some
relations between BiHom-Lie algebras and Hom-Lie algebras. Moreover, we
introduce the notion of symmetric BiHom-Leibniz algebras. We introduce
the definitions and give some properties related to ideals of BiHom–Leibniz
algebras and we extend the concept of (α, β, γ)-derivations of Lie algebras
introduced in [33] to BiHom–Leibniz case.
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2.1 BiHom-Lie algebras
We first recall the definition of Hom-Lie algebra of type I3 and then we give
some connections between them and BiHom-Lie algebras. .
Definition 2.1. [40] A Hom-Lie algebra of type I3 is defined by replacing,
in Definition1.1, equation(1.5) by
	x,y,z
[
x, [y, α(z)]
]
= 0. (2.1)
Definition 2.2. [27, 39] A BiHom-Lie algebra over K is a 4-tuple (L, [·, ·], α, β)
where L is a K-vector space, α, β : L→ L are linear maps and [·, ·] : L×L→
L is a bilinear map, satisfying the following conditions, for all x, y, z ∈ L :
α ◦ β = β ◦ α;
[β(x), α(y)] = − [β(y), α(x)] (BiHom-skew-symmetry);[
β2(x), [β(y), α(z)]
]
+
[
β2(y), [β(z), α(x)]
]
+
[
β2(z), [β(x), α(y)]
]
= 0
(BiHom-Jacobi condition).
In particular, if α and β preserves the bracket, then we call (L, [·, ·], α, β)
a multiplicative BiHom-Lie algebra.
We recover Hom-Lie algebra when we have β = idL and β is a bijection.
If (L, [·, ·], α) is a Hom-Lie algebra of type I3 and α is in the centroid of L
(i.e α ([x, y]) = [α(x), y]), then (L, [·, ·], α, idL) is a BiHom-Lie algebra.
In the following of this subsection, we establish a connection between
BiHom-Lie algebra and (original) Hom-Lie algebra.
Proposition 2.3. The 4-tuple (L, [·, ·], α, α) is a BiHom-Lie algebra if and
only if the triple (α(L), [·, ·], α) is a Hom-Lie algebra.
Proposition 2.4. If (L, [·, ·], α, β) is a BiHom-Lie algebra and we define the
map [·, ·]′ : L×L→ L, [x, y]′ = [β(x), α(y)], for all x, y ∈ L, then (L, [·, ·]′, αβ)
is a Hom-Lie algebra.
2.2 BiHom-Leibniz algebras
Inspired by [4], the definition of generalized derivations of Lie algebras (see
[18]) and the definition of twisted derivations (see[13]) , we introduce the
concept of BiHom-Leibniz algebra .
Let (L, [·, ·], α, β) be a 4-tuple consisting of a vector space L, a bilinear
map [·, ·] : L×L→ L and two linear maps α, β : L→ L such that α◦β = β◦α,
α ([x, y]) = [α(x), α(y)] and β ([x, y]) = [β(x), β(y)] . Let ∆k,l(L) denote the
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set of triples (f, f ′, f”) with f, f ′, f” ∈ End(L) such that [f(x), αkβl(y)] +
[αkβl(x), f ′(y)] = f”([x, y]). For all a ∈ L define the endomorphisms La, Ra
of L by La(x) = [a, x], Ra(x) = [x, a].
Definition 2.5. (i) If (Lβ(x), Lα(x), Lβα(x)) ∈ ∆0,1(L), ∀x ∈ L, i.e[
αβ(x), [y, z]
]
=
[
[β(x), y], β(z)
]
+
[
β(y), [α(x), z]
]
, ∀x, y, z ∈ L,
then (L, [·, ·], α, β) is called a left BiHom-Leibniz algebra.
(ii) If (Rβ(z), Rα(z), Rβα(z)) ∈ ∆1,0(L), ∀z ∈ L, i.e[
[x, y], αβ(z)
]
=
[
[x, β(z)], α(y)
]
+
[
α(x), [y, α(z)]
]
, ∀x, y, z ∈ L,
then (L, [·, ·], α, β) is called a right BiHom-Leibniz algebra.
Proposition 2.6. Let (L, [·, ·], α, β) be a left (respectively right) BiHom-
Leibniz algebra. Then[
[β(x), α(y)], αβ(z)
]
= −
[
[β(y), α(x)], αβ(z)
]
,
respectively [
αβ(x), [β(y), α(z)]
]
= −
[
αβ(x), [β(z), α(y)]
]
,
for all x, y, z ∈ L.
Definition 2.7. If (L, [·, ·], α, β) is a left and a right BiHom-Leibniz algebra,
then L is called a symmetric BiHom-Leibniz algebra.
Proposition 2.8. Let (L, [·, ·], α, β) be a left BiHom-Leibniz algebra. Then
(L, [·, ·], α, β) is a symmetric BiHom-Leibniz algebra if and only if[
β(y), [α(x), α(z)]
]
= −
[
[β(x), β(z)] , α(y)
]
, (2.2)
for all x, y, z ∈ L.
Proposition 2.9. If (L, [·, ·]) is a symmetric Leibniz algebra and α, β : L→
L are two commuting morphisms of Leibniz algebras, and we define the map
{·, ·} : L×L→ L, {x, y} = [α(x), β(y)], for all x, y ∈ L, then (L, {·, ·}, α, β)
is a symmetric BiHom-Leibniz algebra, called the Yau twist of L and denoted
by L(α,β).
11
Proof. Since (L, [·, ·]) is a left Leibniz algebra, there L(α,β) is a left BiHom-
Leibniz algebra (see [27]). It remains to show the equality 2.2 is satisfied:
{β(x), {α(x), α(y)} = {β(x), [α2(x), αβ(y)]}
=
[
αβ(x), [βα2(x), αβ2(y)]
]
.
Since (L, [·, ·]) is a symmetric Leibniz algebra, we have
[a, [b, c]] = − [[b, c], a] (see [4]) .
Therefore, we have
{β(x), {α(x), α(y)} = −
[
[βα2(x), αβ2(y)], αβ(x)
]
= −{[βα(x), β2(y)], α(x)}
= −{{β(x), β(y)}, α(x)}.
By Proposition 2.8, we deduce that L(α,β) is a symmetric BiHom-Leibniz
algebra. 
The following results gives a way to construct Hom-Leibniz algebra start-
ing from a BiHom-Leibniz algebra.
Proposition 2.10. Let (L, [·, ·], α, β) be a BiHom-Leibniz algebra. Define
the bilinear map {·, ·} : L × L → L, {x, y} = [β(x), α(y)], for all x, y ∈ L.
Then (L, {·, ·}, αβ) is a Hom-Leibniz algebra.
Proposition 2.11. Let L be a vector space, [·, ·] : L×L→ L a bilinear map,
α, β : L → L two commuting linear maps such that α ([x, y]) = [α(x), α(y)]
and β ([x, y]) = [β(x), β(y)], for all x, y ∈ L. Define the bilinear map
{·, ·} : L× L→ L, {x, y} = [β(x), α(y)], for all x, y ∈ L. Then:
(α(L), [·, ·], α, β) is a BiHom-Lie algebra if and only if (L, {·, ·}, αβ) is a sym-
metric Hom-Leibniz algebra.
2.3 Ideals of BiHom-Leibniz algebras
In this subsection, we extend Ideals of Hom-Leibniz algebras introduced in
[6] to BiHom-Leibniz algebras.
Definition 2.12. Let (L, [·, ·], α, β) be a BiHom–Leibniz algebra. A vector
subspace H of L is called a BiHom–Leibniz subalgebra of (L, [·, ·], α, β) if
α(H) ⊂ H, β(H) ⊂ H and [H,H ] ⊂ H. In particular, a BiHom–Leibniz
subalgebra H is said to be a two-sided ideal if [h, l], [l, h] ∈ H for all l ∈ L,
h ∈ H. If only one relation holds, then we call H a right (or left) ideal.
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If (H, [·, ·], αH, βH) is a two-sided ideal, then the quotient L/H is endowed
with a BiHom–Leibniz algebra structure, naturally induced from the bracket
on L.
The commutator of two-sided ideals H and K of a BiHom–Leibniz algebra
L, denoted by [H,K], is the BiHom–Leibniz subalgebra of L spanned by the
brackets [h, k] and [k, h] for all h ∈ H, k ∈ K.
The following lemma can be readily checked.
Lemma 2.13. Let H and K be two-sided ideals of a BiHom–Leibniz algebra
(L, [·, ·], α, β). The following statements hold:
(a) H ∩K and H +K are two-sided ideals of L;
(b) [H,K] ⊆ H ∩K;
(c) [H,K] is a two-sided ideal of H and K. In particular, [L, L] is a two-
sided ideal of L ;
(d) α(L) and β(L) are BiHom–Leibniz subalgebras of L;
(e) If L is a left (resp. right) BiHom–Leibniz algebra and β (resp. α ) is
surjective, then [H,K] is an ideal of L;
(f) If α and β are surjective, then [H,K] is a two-sided ideal of L.
In the following, we extend some result related in ideals of Leibniz algebras
introduced in [4] to BiHom-Leibniz case:
Proposition 2.14. Let (L, [·, ·], α, β) be a left (resp. right) BiHom–Leibniz
algebra and IL the vector space IL spanned by the set {[x, x] | x ∈ L}. If β
(resp. α ) is a surjective homomorphism, then, IL is an ideal of L. Moreover,
[IL, L] = 0 (resp. [L, IL] = 0 ).
It is clear that L is a BiHom–Lie algebra if and only if IL = {0}. Therefore,
the quotient algebra L/IL is a BiHom–Lie algebra.
Proposition 2.15. If (L, [·, ·], α, β) is a symmetric BiHom-Leibniz algebra,
then the two-sided ideal
(
L2 = [L, L], [·, ·]/L2×L2 , α/L2 , β/L2
)
is a BiHom–Lie
algebra.
Definition 2.16. Let (L, [·, ·], α, β) be a BiHom–Leibniz algebra. The sub-
space Z(L) = {x ∈ L | [x, y] = 0 = [y, x], ∀y ∈ L} of L is said to be the
center of L. Note that if α and β are surjective, then Z(L) is a two-sided
ideal of L.
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2.4 (λ, µ, γ)- derivations
Let (L, [·, ·], α, β) be a BiHom–Leibniz algebra. We set
Ω = {f ∈ End(L) | f ◦ α = α ◦ f, f ◦ β = β ◦ f}.
Definition 2.17. For any integer k, l, a linear map D : L→ L is called an
αkβl-derivation of the BiHom-Leibniz algebra (L, [·, ·], α, β), if D ∈ Ω and
D([x, y]) = [D(x), αkβl(y)] + [αkβl(x), D(y)],
for all x, y ∈ L. Denote by Der(L) =
⊕
0≤k,l
Derαkβl(L) the set of derivations
of the Bihom-Leibniz algebra (L, [·, ·], α, β).
Proposition 2.18. Let (L, [·, ·], α, β) be a left BiHom-Leibniz algebra and
a ∈ L. Define respectively D, D′, D′′ by
D(x) = [αβ(a), αkβl(x)], D′(x) = [β(a), αkβl(x)], D′′(x) = [α(a), αkβl(x)].
Then
(i) α ◦D′ = D ◦ α, β ◦D′′ = D ◦ β;
(ii) [D(x), αkβl(y)] + [αkβl(x), D′(y)] = D′′([x, y]);
(iii) If α2(a) = α(a) = β(a), then D is an αkβl+1-derivation of the left
BiHom-Leibniz algebra L.
Proposition 2.19. Let (L, [·, ·], α, β) be a symmetric BiHom-Leibniz algebra
and a ∈ L. For any a ∈ L, define respectively adkl(a), Adkl(a) ∈ End(L) by
adkl(a)(x) = [a, α
kβl(x)], Adkl(a)(x) = [α
kβl(x), a], ∀x ∈ L.
Then
(i)
α ◦ adkl(a) = adkl(α(a)) ◦ α; β ◦ adkl(a) = adkl(β(a)) ◦ β;
α ◦ Adkl(a) = Adkl(α(a)) ◦ α; β ◦ Adkl(a) = Adkl(β(a)) ◦ β;
(ii)
Adkl(αβ(a))([x, y]) = −adk+1,l−1(β
2(a))([x, y]);
adkl(αβ(a))([x, y]) = −Adk−1,l+1(α
2(a))([x, y]);
Adkl(αβ(a))([x, y]) = [Adkl(β(a))(x), α
k+1βl(y)]− [αk+1βl(x), adk+1,l−1(β(a))(x)].
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(iii) If αβ(a) = α(a) = β(a), Adk,l and adk,l are α
kβl+1-derivation of the
symmetric BiHom-Leibniz algebra L.
Definition 2.20. Let (L, [·, ·], α, β) be a BiHom–Leibniz algebra and λ, µ, γ
be elements of K . A linear map d ∈ Ω is a (λ, µ, γ)-αkβl-derivation of L if
for all x, y ∈ L we have
λ d([x, y]) = µ [d(x), αkβl(y)] + γ [αkβl(x), d(y)].
We denote the set of all (λ, µ, γ)-derivations by Der(λ,µ,γ)(L) =
⊕
0≤k,l
Der
(λ,µ,γ)
αkβl
(L).
Definition 2.21. Let (L, [·, ·], α, β) be a BiHom–Leibniz algebra over a field
K (char K 6= 2) and λ, µ, γ ∈ K. Then for Der
(λ,µ,γ)
αkβl
(L) we fix the followings
particular cases:
(a) Der
(1,1,1)
αkβl
(L) = Derαkβl(L),
(b) Der
(1,1,0)
αkβl
(L) = {d ∈ Ω | d([x, y]) = [d(x), αkβl(y)]}, is called the αkβl-
left-centroid of L;
(c) Der
(1,0,1)
αkβl
(L) = {d ∈ Ω | d([x, y]) = [αkβl(x), d(y)]}, is called the αkβl-
right-centroid of L;
(d) Der
(1,1,0)
αkβl
(L) ∩ Der
(1,0,1)
αkβl
(L), is called the αkβl-centroid of L and it is
noted Cαkβl(L);
(e)
Der
(0,1,−1)
αkβl
(L) ∩Der
(1,1,−1)
αkβl
(L)
= {d ∈ Ω | d([x, y]) = 0 = [d(x), αkβl(y)] = [αkβl(x), d(y)]}
is called the αkβl-central derivation of L and it is noted Zderαkβl(L);
(f) Der
(0,1,−1)
αkβl
(L) = {d ∈ Ω | [d(x), αkβl(y)] = [αkβl(x), d(y)]}, is called the
αkβl-quasi-centroid of L and it is noted QCαkβl(L).
Now, we consider the subspace
IDer
(λ,µ,γ)
αkβl
(L) = {d ∈ Ω | λ d([x, u]) = µ [d(x), αkβl(u)]+γ [αkβl(x), d(u)], ∀x ∈ L, u ∈ L2}.
Theorem 2.22. Let (L, [·, ·], α, β) be a symmetric BiHom–Leibniz algebra
such that the maps α and β are surjective. Let λ, µ, γ be elements of K .
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(a) If λ 6= 0 and µ2 6= γ2. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
( λ
µ+γ
,1,0)
αkβl
(L).
(b) If λ 6= 0, µ 6= 0 and γ = −µ. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
( 1
2
,1,0)
αkβl
(L).
(c) If λ 6= 0, µ = γ and µ 6= 0. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
(λ
µ
,1,1)
αkβl
(L).
(d) If λ 6= 0, µ = γ = 0. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
(1,0,0)
αkβl
(L).
(e) If λ = 0 and µ2 6= γ2. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
(0,1,0)
αkβl
(L).
(f) If λ = 0 and µ = γ. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
(0,1,1)
αkβl
(L).
(g) If λ = 0 and µ = −γ. Then IDer
(λ,µ,γ)
αkβl
(L) = IDer
(0,1,−1)
αkβl
(L).
Proof. Let x ∈ L, u = [y, z] ∈ L2. Since α and β are surjectives there exists
a, v ∈ L so that x = β(a), u = α(v) = [α(y), α(z)]. It follows from (2.2) that
[β(a), α(v)] = −[β(v), α(a)]. The rest of proof is similar to the one of case of
Lie algebras given in [33]. 
Corollary 2.23. Let (L, [·, ·], α, β) be a BiHom–Lie algebra such that the
maps α and β are surjective. For any λ, µ, γ ∈ K there exists δ ∈ K such
that the subspace Der
(λ,µ,γ)
αkβl
(L) is equal to one of the four following subspaces:
(a) Der
(δ,0,0)
αkβl
(L);
(b) Der
(δ,1,1)
αkβl
(L);
(c) Der
(δ,1,−1)
αkβl
(L);
(d) Der
(δ,1,0)
αkβl
(L).
3 BiHom-Leibniz colour algebras
Let Γ be an abelian group. A vector space A is said to be Γ-graded, if there
is a family (Aγ)γ∈Γ of vector subspace of A such that A = ⊕γ∈ΓAγ. An
element x ∈ A is said to be homogeneous of degree γ if x ∈ Aγ. We denote
by H(A) the set of all the homogeneous elements of A.
Definition 3.1. A map ε : Γ×Γ→ K∗ is called a skewsymmetric bicharacter
on Γ if the following identities hold, for all a, b, c ∈ Γ
(i) ε(a, b)ε(b, a) = 1;
(ii) ε(a, b+ c) = ε(a, b)ε(a, c);
(iii) ε(a+ b, c) = ε(a, c)ε(b, c).
If x and y are two homogeneous elements of degree γ and γ′ respectively,
then we shorten the notation by writing ε(x, y) instead of ε(γ, γ′).
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3.1 BiHom-Lie colour algebras
In the following we summarize definitions of BiHom–Lie and BiHom-associative
color algebraic structures generalizing the well known Hom–Lie and Hom–associative
color algebras (See [42] ).
Definition 3.2. (see [25]) A BiHom-Lie colour algebra over a field K is
a 5-tuple (A, [·, ·], ε, α, β) consisting of a Γ-graded vector space A, an even
bilinear mapping [·, ·] : A × A → A (i.e [Aa,Ab] ⊂ Aa+b for all a, b ∈ Γ),
a bicharacter ε : A ×A → K∗ and two even homomorphisms α, β : A → A
such that for all x, y, z ∈ H(A) we have
α ◦ β = β ◦ α
α ([x, y]) = [α(x), α(y)] and β ([x, y]) = [β(x), β(y)]
[β(x), α(y)] = −ε(x, y) [β(y), α(x)] , (ε-BiHom-skew-symmetry)
	x,y,z ε(z, x)
[
β2(x), [β(y), α(z)]
]
= 0. (ε-BiHom-Jacobi condition)
Definition 3.3 (BiHom-associative colour algebras). (see [25]) A BiHom-
associative colour algebra over K is a 5-tuple (A, µ, ε, α, β) consisting of a
Γ-graded vector space A, an even bilinear mapping µ : A × A → A (i.e
µ(Aa,Ab) ⊂ Aa+b for all a, b ∈ Γ), a bicharacter ε : A × A → K
∗ and two
even homomorphisms α, β : A → A such that α ◦ β = β ◦ α and for all
x, y, z ∈ A we have µ (α(x), µ(y, z)) = µ (µ(x, y), β(z)) .
In particular, if α(µ(x, y)) = µ(α(x), α(y)) and β(µ(x, y)) = µ(β(x), β(y)),
we call it multiplicative Bihom-associative colour algebra.
Inspired by [27], we give the following constructions of BiHom-associative
and BiHom-Lie algebras starting by an ordinary associative colour algebra.
Proposition 3.4. Let (A, µ, ε) be an ordinary associative colour algebra and
let α, β : A → A two commuting even linear maps such that α (µ(x, y)) =
µ (α(x), α(y)) and β (µ(x, y)) = µ (β(x), β(y)) , for all x, y ∈ H(A) . Define
the even linear map µ′ : A×A → A, µ′(x, y) = µ (α(x), β(y)) (resp. [·, ·] : A×
A → A, [x, y] = µ (α(x), β(y))− µ (β(y), α(x)))
Then (A, µ′, ε, α, β) (resp. Aα,β = (A, [·, ·], ε, α, β) ) is a BiHom-associative
(resp. BiHom-Lie ) colour algebra.
3.2 BiHom-Leibniz colour algebras
First we introduce a definition of BiHom–Leibniz colour algebra.
We consider a 5-tuple (L, [·, ·], ε, α, β), consisting of a Γ-graded vector
space L, an even bilinear map [·, ·] : L × L → L (i.e. [La, Lb] ⊂ La+b for
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all a, b ∈ Γ), a bicharacter ε : L × L → K∗ and two even homorphism α,
β : L→ L such that for all homogeneous elements x, y, z we have α◦β = β◦α,
α ([x, y]) = [α(x), α(y)] and β ([x, y]) = [β(x), β(y)] .
Definition 3.5. The 5-tuple (L, [·, ·], ε, α, β) is said to be a
(i) left BiHom-Leibniz colour algebra if for any homogeneous elements x, y, z ∈
L the so-called left Leibniz identity[
αβ(x), [y, z]
]
=
[
[β(x), y], β(z)
]
+ ε(x, y)
[
β(y), [α(x), z]
]
holds.
(ii) right BiHom-Leibniz colour algebra if for any homogeneous elements
x, y, z ∈ L if it satisfies the identity[
[x, y], αβ(z)
]
= ε(y, z)
[
[x, β(z)], α(y)
]
+
[
α(x), [y, α(z)]
]
.
Remark 3.6. 1. If Γ = {1} and ε(x, y) = 1, for all x, y ∈ L then
(L, [·, ·], ε) is a left (resp. right) Leibniz colour algebra if and only if
(L, [·, ·], IdL, IdL, ε) is a left (resp. right) BiHom-Leibniz colour algebra.
2. If Γ = Z2 and ε(x, y) = (−1)
|x||y|, for all x, y ∈ L then (L, [·, ·], ε) is a
left (resp. right) Leibniz superalgebra if and only if (L, [·, ·], IdL, IdL, ε)
is a left (resp. right) BiHom-Leibniz colour algebra.
3. If α is surjective then (L, [·, ·], α, ε) is a left (resp. right) Hom-Leibniz
colour algebra if and only if (L, [·, ·], α, α, ε) is a left (resp. right)
BiHom-Leibniz colour algebra.
Proposition 3.7. If (L, [·, ·], ε, α, β) is a left (resp. right) BiHom-Leibniz
colour algebra, then[
[β(x), α(y)] , αβ(z)
]]
= −ε(x, y)
[
[β(y), α(x)] , αβ(z)
]
, ∀x, y, z ∈ L.
Respectively[
αβ(z), [β(x), α(y)]
]
= −ε(x, y)
[
αβ(z), [β(y), α(x)]
]
, ∀x, y, z ∈ L,
for all homogeneous elements x, y, z ∈ L.
Definition 3.8. If (L, [·, ·], α, ε) is a left and a right BiHom-Leibniz colour
algebra, then L is called a symmetric BiHom-Leibniz colour algebra.
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Proposition 3.9. Let (L, [·, ·], ε, α, β) be a left BiHom-Leibniz colour algebra.
Then, (L, [·, ·], ε, α, β) is a symmetric BiHom- Leibniz colour algebra if and
only if[
β(y), [α(x), α(z)]
]
= −ε(y, x+ z)
[
[β(x), β(z)] , α(y)
]
, ∀x, y, z ∈ L.
In the following we construct BiHom–Leibniz colour algebras involving
elements of the centroid of colour Leibniz algebras. Let (L, [·, ·], ε) be a
Leibniz colour lalgebra. An endomorphism α ∈ End(L)γ of degree d is
said to be an element of degree γ of the centroid if α([x, y]) = [α(x), y] =
ε(γ, x)[x, α(y)] for all x, y ∈ H(L). The centroid of L of degree γ is defined
by
Cγ(L) = {α ∈ End(L)γ | α([x, y]) = [α(x), y] = ε(γ, x)[x, α(y)]}.
Proposition 3.10. Let (L, [·, ·], ε) be a Leibniz colour algebra and let α, β : L×
L → L two commuting even linear maps such that α2 = α and β2 = β. Set
for x, y ∈ H(L), {x, y} = [β(x), α(y)]. Then (L, [·, ·], ε, α, β) is a BiHom-
Leibniz colour algebra.
Proof. Since α and β are even, then ε(γ, x) = 1. Therefore, {x, y} =
[β(x), α(y)] = αβ ([x, y]). Suppose that (L, [·, ·], ε) is a Leibniz colour lal-
gebra. We have
α ({x, y}) = α2β ([x, y]) = α4β ([x, y]) = α2β ([α(x), α(y)]) = αβ [α(x), α(y)] = {α(x), α(y)}.
Similarly,
β ({x, y}) = αβ2 ([x, y]) = αβ4 ([x, y]) = αβ2 ([β(x), β(y)]) = αβ ([β(x), β(y)]) = {β(x), β(y)}.
1. If (L, [·, ·], ε) is a left Leibniz colour algebra :
{αβ(x), {y, z}} = {αβ(x), αβ ([y, z])} = αβ
(
[αβ(x), αβ ([y, z])]
)
= α3β3
(
[x, [y, z]]
)
.
{{β(x), y}, β(z)}}+ ε(x, y) {β(y), {α(x), z}}
= α2β2 [[β(x), y], β(z)] + ε(x, y)α2β2 [β(y), [α(x), z]]
= α2β3 [[x, y], z] + ε(x, y)α2β3 [y, [x, z]]
= α2β3 ([[x, y], z] + ε(x, y) [y, [x, z]])
= α3β3
(
[x, [y, z]]
)
= {αβ(x), {y, z}}
Then, (L, [·, ·], ε, α, β) be a left BiHom-Leibniz colour algebra.
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2. If (L, [·, ·], ε) is a symmetric Leibniz colour algebra :
{β(x), {α(y), α(z)}} = α2β2 [β(x), [α(y), α(z)]] = α4β3
(
[x, [y, z]]
)
= αβ
(
[x, [y, z]]
)
−ε(x, y + z) {{β(y), β(z)}, α(x)} = −ε(x, y + z)α2β2 [[β(y), β(z)], α(x)]
= −ε(x, y + z)α3β4
(
[x, [y, z]]
)
= −ε(x, y + z)αβ
(
[[y, z], x]
)
= αβ
(
[x, [y, z]]
)
= {β(x), {α(y), α(z)}} .
Then, (L, [·, ·], ε, α, β) is a symmetric BiHom-Leibniz colour algebra.
3. If (L, [·, ·], ε) is a right Leibniz colour algebra : Reasoning similarly as
above proves that
{{x, y}, αβ(z), } = αβ
(
[x, [y, z]]
)
and
ε(x, z) {{x, β(z)}, α(y)}+{α(x), {y, α(z)}} = αβ
(
[[x, z], y]+[x, [y, z]]
)
Therefore, (L, [·, ·], ε, α, β) is a right BiHom-Leibniz colour algebra.

Definition 3.11. Let (L, [·, ·], ε, α, β) be a Leibniz colour algebra. The set
Cγ(L) consisting of linear map d of degree γ with the property
d ◦ α = α ◦ d, d ◦ β = β ◦ d
d([x, y]) = [d(x), y] = ε(γ, x)[x, d(y)], ∀x, y ∈ H(L),
is called the centroids of L.
In the following proposition, we construct BiHom- Leibniz colour algebras
starting from a BiHom- Leibniz colour algebra and an two even elements in
its centroid.
Proposition 3.12. Let (L, [·, ·], ε, α, β) be a BiHom- Leibniz colour algebra,
and θ, θ′ be two even elements in the centroid of L satisfies θ ◦ θ′ = θ′ ◦ θ,
θ2 = θ and θ′2 = θ′. Set for x, y ∈ H(L), [x, y]θ
′
= [θ′(x), y] . Then
(L, [·, ·], ε, θ ◦α, θ ◦ β) and (L, [·, ·]θ
′
1 , ε, θ ◦α, θ ◦β) are colour BiHom- Leibniz
algebras.
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4 Representations and cohomology of (Bi)Hom-
Leibniz algebras of type B1
First, we define a new type of BiHom-Lie algebras. We call it BiHom-Lie
algebras of type B1. With the BiHom-Lie algebra of type B1 we have the
following hierarchy of algebras:
{BiHom-Lie type B1} ⊇β=id {Hom-Lie} ⊇α=id {Lie}.
For the rest of this article,we mean by (L, [·, ·], α, β) a 4-tuple consisting
of K-linear space L, two linear maps α, β : L → L and a bilinear map
[·, ·] : L× L→ L , satisfying the following conditions
α ◦ β = β ◦ α, α ([x, y]) = [α(x), α(y)] and β ([x, y]) = [β(x), β(y)]
for all x, y, z ∈ L.
Definition 4.1. The 4-tuple (L, [·, ·], α, β) is a BiHom-Lie algebra of type
B1 if [
β(x), β2(y)
]
= −
[
β(y), β2(x)
]
,
	x,y,z
[
α(x), [β(y), β2(z)]
]
= 0.
for all x, y, z ∈ L.
Remark 4.2. Obviously, a BiHom-Lie algebra (L, [·, ·], α, β) of type B1 for
which β = IdL is just a Hom-Lie algebra (L, [·, ·], α).
Definition 4.3. The 4-tuple (L, [·, ·], α, β) is called a left (resp. right) BiHom-
Leibniz algebra of type B1 if it satisfies the identity[
α(x), [β(y), β(z)]
]
=
[
[x, β(y)], α(z)
]
+
[
α(y), [β(x), β(z)]
]
respectively [
[x, y], α(z)
]
=
[
[x, z], α(y)
]
+
[
α(x), [y, β(z)]
]
.
Proposition 4.4. If (L, [·, ·], α, β) is a left BiHom-Leibniz algebra of type
B1, then
[[y, β(x)], α(z)] = − [[x, β(y)], α(z)]
Proposition 4.5. If (L, [·, ·], α, β) is a right BiHom-Leibniz algebra of type
B1, then
[α(x), [z, β(y)]] = − [α(x), [y, β(z)]]
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Definition 4.6. (L, [·, ·], α, β) is called a symmetric BiHom-Leibniz algebra
of type B1 if it is a left and a right BiHom-Leibniz algebra of type B1.
Proposition 4.7. A 4-tuple (L, [·, ·], α, β) is a symmetric BiHom-Leibniz
algebra of type B1 if and only if it satisfies[
[x, y], α(z)
]
=
[
[x, z], α(y)
]
+
[
α(x), [y, β(z)]
]
;
[α(y), [β(x), β(z)]] = − [[x, z], αβ(y)] .
4.1 Representations of BiHom-Leibniz algebras of type
B1
Lie algebra cohomology was introduced by Chevalley and Eilenberg [7]. For
Hom-Lie algebra, the cohomology theory has been given by [32, 38]. A co-
homology of BiHom-Lie algebras were introduced and investigated in [43].
We refer the reader to [29, 30, 34, 12] for more information about Leibniz
representations and Leibniz cohomologies.
In the following we define a representations of (Bi)Hom–Leibniz algebras of
type B1 and the corresponding coboundary operators. We show that one can
obtain the direct sum symmetric (Bi)Hom–Leibniz algebras (L⊕V, [·, ·]f , α+
αV , β + βV ) of type B1.
Definition 4.8. Let V be a vector space, αV , βV ∈ End(V ) and r, l : L →
End(V ) be two linear maps satisfying
αV ◦ l(x) = l(α(x)) ◦ αV ; αV ◦ r(x) = r(α(x)) ◦ αV ;
βV ◦ l(x) = l(α(x)) ◦ βV ; βV ◦ r(x) = r(α(x)) ◦ βV ;
(i) If (L, [·, ·], α, β) is a left BiHom-Leibniz algebra of type B1, then we say
that (r, l) is a left representation of L in V if for all x, y ∈ L, v ∈ V :
l([x, β(y)]) ◦ αV = l(α(x)) ◦ l(β(y)) ◦ βV − l(α(y)) ◦ l(β(x)) ◦ βV ;
r ◦ β([x, y]) ◦ αV = l(α(x)) ◦ r(β(y)) ◦ βV − r(α(y)) ◦ l(x) ◦ βV ;
r ◦ β([x, y]) ◦ αV = r (α(y)) ◦ r(β(x)) + l (α(x)) ◦ r(β(y)) ◦ βV .
(ii) If L is a right BiHom-Leibniz algebra of type B1, then we say that (r, l)
is a right representation of L in V if for all x, y ∈ L, v ∈ V :
l([x, y]) ◦ αV = l(α(x)) ◦ l(y) ◦ βV + r(α(y)) ◦ l(x);
l([x, y]) ◦ αV = r(α(y)) ◦ l(x)− l(α(x)) ◦ r(β(y));
r([x, β(y)]) ◦ αV = r (α(y)) ◦ r(x)− r (α(x)) ◦ r(y).
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Example 4.1. Let (L, [·, ·], α, β) be a left (resp. right ) BiHom-Leibniz al-
gebra of type B1. Then, we consider the maps adk : L → End(L) and
Adk,l : L → End(L) Defined by by adk,l(a)(x) = [x, α
kβl(a)], Adk(a)(x) =
[αkβl(a), x], ∀x ∈ L. Therefore, (adk,l, Adk,l) is a left representation (resp.
a right representation ) of L in L called the left (resp. right) αkβl-adjoint
representation of L.
In the rest of this article, if r, l : L→ End(V ), we denote r(x)(v) = [v, x]V
and l(x)(v) = [x, v]V , ∀x ∈ L, v ∈ V and if (r, l) is a representation of L we
say (V, [·, ·]V , αV , βV ) is a representation of L (or a L-module).
Proposition 4.9. Let (L, [·, ·], α, β) be a left BiHom-Leibniz algebra of type
B1 and (V, [·, ·]V , αV , βV ) be a left representation of L . Then
[[v, β(x)]V , α(y)]V = −
[
[x, βV (v)]V , α(y)
]
V
for all x, y ∈ L, v ∈ V .
Proposition 4.10. Let (L, [·, ·], α, β) be a right BiHom-Leibniz algebra of
type B1 and (V, [·, ·]V , αV , βV ) be a right representation of L. Then[
α(x), [y, βV (v)]V
]
V
= −
[
α(x), [v, β(y)]
]
V
for all x, y ∈ L, v ∈ V .
Definition 4.11. Let (L, [·, ·], α, β) be a left (resp. right ) BiHom-Leibniz
algebra of type B1. Let V be a vector space, αV , βV ∈ End(V ) and r, l : L→
End(V ) be two linear maps. Then, we say that (r, l) is a representation of
L in V if (r, l) is a left and a right representation of L in V .
Definition 4.12. Let (L, [·, ·], α, β) be a BiHom-Leibniz algebra of type B1 .
A representation (V, [·, ·]V , αV , βV ) is called:
(i) trivial if [x, βV (v)]V = [v, β(x)]V = 0, ∀v ∈ V, x ∈ L.
(ii) adjoint if (V, [·, ·]V , αV , βV ) = (L, [·, ·], α, β)
Proposition 4.13. Let (L, [·, ·], α, β) be a symmetric BiHom-Leibniz algebra
of type B1. A 4-tuples (V, [·, ·]V , αV , βV ) is a symmetric representation of V
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if and only if.
αV ([x, v]V ) = [α(x), αV (v)]V ; αV ([v, x]V ) = [αV (v), α(x)]V ;
βV ([x, v]V ) = [β(x), βV (v)]V ; βV ([v, x]V ) = [βV (v), β(x)]V ;[
[v, x]V , α(y)]
]
V
=
[
[v, y]V , α(x)
]
V
+
[
αV (v), [x, β(y)]V
]
V
;[
[x, y], αV (v)
]
V
=
[
[x, v]V , α(y)
]
V
+
[
α(x), [y, βV (v)]V
]
v
;[
[x, v]V , α(y)
]
V
=
[
[x, y], αV (v)
]
V
+
[
α(x), [v, β(y)]V
]
V
;
[α(x), [β(y), βV (v)]]V = − [[y, βV (v)], αβ(x)]V ;
[α(x), [βV (v), β(y)]]V = − [[v, y]V , αβ(x)]V ;
[α(x), [β(y), βV (v)]]V = − [[y, v]V , αβ(x)]V .
Remark 4.14. If (V, [·, ·]V , αV , βV ) is a symmetric representation of a sym-
metric BiHom-Leibniz algebra (L, [·, ·], α, β) of type B1. Let us consider two
linear maps Adn,m, adn,m : L→ End(V ) defined by
adn,m(x)(v) = [x, α
nβm(v)], Adn,m(x)(v) = [α
nβm(v), x], ∀x ∈ L, v ∈ V.
Then (Adn,m, adn,m) is symmetric representation of L in V .
4.2 Cohomology of symmetric BiHom-Leibniz alge-
bras of type B1
Let (L, [·, ·], α, β) be a symmetric BiHom-Leibniz algebra of type B1 and
(V, [·, ·]V , αV , βV ) be a symmetric representation of V . Denote
Ck(L, V ) = Hom(Lk, V ), k ≥ 0,
and
Ck(α,αV )(L, V ) = {f ∈ C
k(L, V ) | f ◦ α = αV ◦ f}.
Let δk : Ck(α,αV )(L, V )→ C
k+1
(α,αV )
(LV, ) be a k-Homomorphism defined by
δkn,m(f)(x0, . . . , xk)
=
∑
0<t≤k
(−1)t+1f
(
[x0, xt], · · · , x̂t, · · · , α(xk)
)
+
∑
0<s<t≤k
(−1)t+1(f)
(
α(x0), · · · , α(xs−1), [xs, β(xt)], α(xs+1), · · · , x̂t, · · · , α(xk)
)
−
[
αn+k−1βm+k−1(x0), f (x1, β(x2), · · · , β(xk))
]
V
+
k∑
s=1
(−1)s
[
f (x0, · · · , x̂s, . . . , xk) , α
n+k−1βm+k−1(xs)
]
V
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where x0, · · · , xk ∈ L and xˆi means that xi is omitted. The pair (⊕k>0C
k
α,αV )
(L, V ), {δk}k>0)
defines a chomology complex, that is δk ◦ δk−1 = 0.
• The k-cocycles space is defined as Zk(L, V ) = ker δk.
• The k-coboundary space is defined as Bk(L, V ) = Im δk−1.
• The kth cohomology space is the quotientHk(L, V ) = Zk(L, V )/Bk(L, V ).
If (adn,m, Adn,m) is a symmetric adjoint representation of L. Then any
1-cocycle f ∈ Z1(L, L) is called a αnβm-derivation of L.
4.3 Extensions of BiHom-Leibniz algebras of type B1
In this section we extend extensions theory of Leibniz algebras introduced in
[30] to BiHom-Leibniz algebras of type B1 case.
An extension of a BiHom-Leibniz algebras (L, [·, ·], α, β) of type B1 by
L-module (V, [·, ·]V , αV , βV ) is an exact sequence
0 −→ (V, αV , βV )
i
−→ (L˜, α˜, β˜)
pi
−→ (L, α, β) −→ 0
satisfying α˜ ◦ i = i ◦ αV , β˜ ◦ i = i ◦ βV , α ◦ pi = pi o α˜ and β ◦ pi = pi ◦ β˜.
We say that the extension is central if [G˜, i(V )]G˜ = 0.
Two extensions
0 −→ (Vk, αVk , βVk)
ik−→ (Lk, αk, βk)
pik−→ (L, α, β) −→ 0 (k = 1, 2)
are equivalent if there is an isomorphism ϕ : (L1, α1,1 ) → (L2, α2, β2) such
that ϕ ◦ i1 = i2 and pi2 ◦ϕ = pi1. One denote by Ext(L, V ) the set of isomor-
phism classes of extensions of L by V . In the sequel, we assume that i(V ) is
of finite codimension in L˜ .
Let f ∈ C2(α,αV )(L, V ). Assume that L ∩ V = {0} and we consider the
direct sum L˜ = L⊕ V with the following bracket[
(x, u), (y, v)
]
L˜
=
(
[x, y], [x, v]V + [u, y]V + f(x, y)
)
; ∀x, y ∈ L, u, v ∈ V.
Define the linear maps α˜, β˜ : L˜→ L˜ by α˜(x, v) = (α(x), αV (v)) by β˜(x, v) =
(β(x), βV (v)).
Lemma 4.15. With the above notations, the 4-tuple (L˜, [·, ·]L˜, α˜, β˜) is a
symmetric BiHom-Leibniz of type B1 if and only if f is a 2-cocycle (i.e.
δ2(f) = 0).
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Theorem 4.16. For any symmetric BiHom-Leibniz of L type B1 and any
symmetric representation V of L, there is a natural bijection
Ext(L, V ) ∼= H2(L, V ).
acknowledgements
The author would like to thank professor Abdenacer Makhlouf for carefully
reading and checking the paper and his useful suggestions and comments.
References
[1] Ammar F. and Makhlouf A., Hom-Lie superalgebras and Hom-Lie ad-
missible superalgebras Journal of Algebra 324 (2010) 1513–1528.
[2] Ammar, F., Makhlouf A., and Saadaoui, N. Cohomology of Hom-Lie
superalgebras and q-deformed Witt superalgebra. Czechoslovak Mathe-
matical Journal. 63 (2013), 721–761.
[3] Benayadi, S., and Makhlouf, A. Hom–Lie algebras with symmetric
invariant nondegenerate bilinear forms, Journal of Geometry and
Physics. 76 (2014), 38− 60.
[4] Benayadi, S., and Hidri, S., Quadratic Leibniz Algebras, Journal of Lie
Theory Volume 24 (2014) 737–759.
[5] Casas, J. M., M. Ladra, B. A. Omirove, and I. A. Karimjanov, Classifica-
tion of solvable Leibniz algebras with naturally graded filiform nilradical
, Linear Algebra Appl. 43 (2013), 2973–3000.
[6] Casas, J. M., Khmaladze, E. and Pacheco Rego,N., A non-abelian Hom-
Leibniz tensor product and applications. Linear and Multilinear Algebra.
66 6 (2018), 1133− 1152.
[7] Chevalley C., Eilenberg S., Cohomology theory of Lie groups and Lie
algebras. Transactions of the American Mathematical Society. 63 (1948),
85− 124.
[8] Chunyue, W., , Qingcheng, Z. and Zhu, W., Hom-Leibniz superalgebras
and hom-Leibniz poisson superalgebras. Hacettepe Journal of Mathemat-
ics and Statistic. 44 (5) (2015), 1163–1179.
26
[9] Covez, S., The local integration of Leibniz algebras, Annales de l’Institut
Fourier, 63 (2013) no.1, 1− 35.
[10] Cuvier, C., Alge`bres de Leibnitz: De´finition, proprie´te´es, Annales scien-
tifiques de l’E.N.S. (4e se´rie) 27 (1994), 1–45.
[11] Camacho, L.M., Gomez, J.R., Navarro, R.M., Omirov, B.A. Classifica-
tion of some nilpotent class of Leibniz superalgebras. Acta Mathematica
Sinica, English Series 26 (2010), 799− 816.
[12] Cheng, Y.S. and Su, Y.C. (Co)Homology and universal central extension
of Hom-Leibniz algebras. Acta Mathematica Sinica, English Series. 27
(2011), 813− 811.
[13] Daniel, L. Arithmetic hom-Lie algebras, twisted derivations and non-
commutative arithmetic schemes. arXiv preprint arXiv:1401.7777,
(2014)
[14] Demir, I., K. C. Misra, and E. Stitzinger, On some structures of Leibniz
algebras, contemporary Mathematics, 623 2014.
[15] Dzhumadil’daev, A. Cohomologies of colour Leibniz algebras: Pre-
simplicial approach, Lie Theory and its applications in physics III, pre-
ceeding of the third international workshop,(1999) 124-135.
[16] Fialowski, A., L. Magnin, and A. Mandan, About Leibniz cohomology
and deformations of Lie algebras, J. Algebra 383 (2013), 63–77.
[17] Geoffrey, M., and Y., Gaywalee, Leibniz algebras and Lie algebras, Sym-
metry, Integrability and Geometry: Methods and Applications, SIGMA
9 4(2013)4, 063.
[18] George, F.L. and Eugene, M.L., Generalized Derivations of Lie Algebras.
Journal of Algebra. 228 (2000), 165–203.
[19] Gorbatsevich, V., On some basic properties of Leibniz algebras,
arXiv:1302.3345v2 [math.RA], (2013).
[20] Go`mez-Vidal, S., B. A. Omirov, and A. K. H. Khudoyberdiyev, Some
remarks on semisimple Leibniz algebras, Journal of Algebra 410 , (2014),
526− 540.
[21] Graziani G., Makhlouf A., Menini C., Panaite F., Bihom-associative
algebras, Bihom-Lie algebras and Bihom-bialgebras, Symmetry Integra-
bility and geometry : Methods and Applications SIGMA 11 (2015), 086,
34pages.
27
[22] Hartwig J. T., Larsson D. and Silvestrov S.D., Deformations of Lie
algebras using σ-derivations, Journal of Algebra, 295 (2006), 314−361.
[23] Hu, N., Liu, D. and Zhu, L., Leibniz superalgebras and central extensions,
Journal of Algebra and Its Applications, 05, (2006), 765− 789. .
[24] Husain, Sh K Said, Rakhimov, I.S and Basri, W, Centroids and deriva-
tions of low-dimensional Leibniz algebra AIP Conference Proceedings
1870, 040006 (2017).
[25] Kadri, A., Abdelkader B.H. and Abdenacer, M., BiHom-Lie colour al-
gebras structures . arXiv preprint arXiv:1706.02188, 2017.
[26] Kurdiani, R., and Pirashvili, T., A Leibniz Algebra Structure on the
Second Tensor Power. Journal of Lie Theory. 12 (2002) 583− 596.
[27] Liu, L., Makhlouf, A., Menini, C., and Panaite, F. BiHom-pre-Lie
algebras, BiHom-Leibniz algebras and Rota-Baxter operators on BiHom-
Lie algebras arXiv: 1706.00474v1 [math.QA] (2017)
[28] Loday, J.-L., Une version non-commutative des alge`bres de Lie: Les
alge`bres de Leibniz , Ens. Math. 39 (1993), 269–293.
[29] Loday, J.-L., Cyclic Homology, Springer-Verlag,(1992)
[30] Loday, J.-L. and Pirashvili, Teimuraz, P. Universal enveloping algebras
of Leibniz algebras and (co)homology , Mathematische Annalen, 296,
(1993) 139− 158.
[31] Makhlouf,A., and Silvestrov, S., Hom-algebra structures, Journal of Gen-
eralized Lie Theory and Applications 2 (2). (2008) 51− 64.
[32] Makhlouf, A., Silvestrov, S., Notes on formal deformations of hom-
associative and hom-Lie algebras, Forum Math. 22 (4) (2010), 715C739.
[33] Petr, N. and Jiri, H. On (α, β, γ)-derivations of Lie algebras and cor-
responding invariant functions. Journal of Geometry and Physics 58
(2008). 208–217.
[34] Pirashvili,T. On Leibniz homology. Annales de l’institut Fourier, 44
(1994),401− 411.
[35] Ray, B., A. Hedges, and E. Stitzinger, Classifying several classes of
Leibniz algebras, Algebras and Representation Theory, 17, (2014), 703−
712 .
28
[36] Rittenberg,V. and Wyler, D., Sequences of Z2⊗Z2 graded Lie algebras
and superalgebras. Journal of Mathematical Physics, 19, (1978).
[37] Rittenberg,V. and Wyler, D., Generalized superalgebras. Nuclear
Physics B, 139, (1978), 189–202.
[38] Sheng, Y., Representations of Hom-Lie algebras, Algebr Represent
Theor 15 (2012) 1081–1098.
[39] Sheng, Y.and Huange, Q. Representations of Bihom-Lie algebras
arXiv:1610.04302 (2016) .
[40] Yael, F., and Aron, G. On Hom-type algebras, Journal of Gener-
alized Lie Theory and Applications. 4 (2010), Article ID G101001, 1−16.
[41] Yau, D.,Hom-Algebras and Homology , Journal of Lie Theory 19 (2009)
409-421.
[42] Yuan, L., Hom-Lie colour algebra structures . Communications in Al-
gebra 40 (2) (2012). 575–592.
[43] Yongsheng, C., Huange, Qi. Representations of Bihom-Lie algebras.
arXiv preprint arXiv:1610.04302, (2016)
29
